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*~*\ Abstract. In this paper, we study the weighted inequality for multi- 

linear fractional maximal operators and fractional integrals. We give 
— ^ ' sharp weighted estimates for both operators in some cases. 



< 

rj ■ 1. Introduction and Main Results 

^^ \ Fractional type operators and associated maximal functions are useful 

tools in harmonic analysis, especially in the study of differentiability or 
smoothness properties of functions. Recall that for < a < n, the fractional 
maximal function M a and the fractional integral operator I a are defined by 



and 



CO 
t> 

^t . J \x-y\ n a 

;~~ \ respectively, where / is a locally integrable function defined on W 1 and Q is 

a cube in W 1 . We refer to [51 [2D] for the basic properties of these operators. 
Let w be a weight, i.e., a non-negative locally integrable function. Muck- 
enhoupt and Wheeden [18] showed that for 1 < p < n/a and 1/q = 
rS . \jp — a/n, I a is bounded from L p (w p ) to L q (w q ) if and only if w belongs to 

C3 I the A Pjq class, that is, 

Hip,, == sup f |— 7 / w{x) q dx\ ( — / w(x)- p 'dxj < oo. 

Moreover, the fractional maximal function M a is also bounded from L p (w p ) 
to L q (w q ). See also @l[nimilI21EHE21E31[23! f °r more results of fractional 
integral operators on various function spaces. 
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In p3], Lacey, Moen, Perez and Torres gave the sharp weighted estimates 
for both M a and I a . Specifically, they proved that 

(1_2L)2L. 

(1.1) \\Ma\\LP(v}P)-^L9(w9) < C n,p\w\A p ™ " 

and 

i (1 ~" )max{1 '^ } 

(1-2) \\Ia\\LP{wP)^Li(wi) < ^n,p[w\A j 

where the exponents of [w]a ar e sharp. 

Multilinear fractional integral operators were studied by Grafakos [5], 
Kenig and Stein [12] . Grafakos and Kalton [8]. For / = (/i,--- , f m ) and 
< a < ran, the multilinear fractional maximal function A4 a and the 
multilinear integral operator I a are defined by 

m If 



and 



^f ')(•'■) / ,,,. .^^'Vfr^.w-^ y. 



yi|H h |x-y^ n»'»-<> 



7//1 



respectively. 

To study the weighted estimates for multilinear fractional integral opera- 
tors, Moen [16] introduced the multiple Ap weight. Let l/p\ + - ■ ■+l/p m = 
1/q + a/n. A multiple weight (wi, ■ ■ ■ ,w m ) is said to belong to the Ap 
class if and only if 

where n^ = (H^uii) 9 and ai = w i \ Moen showed that X Q is bounded 
from L Pl (u;f ) x • • • x L p ™(w%T) to !«(«*) if and only if [w\ Ap < oo. 

In this paper, we study the sharp estimates for both Ai a and X a . For 
the multilinear fractional maximal function, we give a sharp estimate for 
< a < n. 

Theorem 1.1. Suppose that < a < n, q > 0, 1 < pi,--- ,p m < oo, 
1/Pl + • • • + 1/Pm = 1/? + a/n, p' io = max{^ : 1 < % < m} for some io and 
p'i (l — a/n) > maxj^j {^}. Let w = (wi, ■ ■ ■ ,w m ) € Ap . Then we have 

a , max{p|} m 

(1.3) \\mm)\\l^) < c mtnAq [w] ( A ~^ q X\\m\ L n {wTV 

where the exponent of [w]a^ is sharp. 

And for the multilinear fractional integral operators, we also get a sharp 
estimate in some cases. 
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Theorem 1.2. Suppose that < a < n, q > 0, 1 < pi, ■ ■ ■ ,p m < oo, 
1/pi H h 1/pm = 1/g + «/"-, w = (wi, ■ ■ ■ , w m ) G -4p g and 

. fmaxj^ . maxj^lp^g}! q 

mm < , mm ^ > < 1 . 

[ q 3 Pj ) n 

Then 

p' , m 



\\la{f)\\L«(urt) ^ C m,n,P, q mA p n q ' * H \\MlA>i(tfi)> 



i=l 

where the exponent of [w]a- is sharp. 

As the estimate for C alder on- Zygmund operators, although the estimate 
in (jl.3p is sharp, it can be improved whenever mixed estimates are invoked. 
Moreover, we prove the sharpness for the whole scope of a. 

Theorem 1.3. Suppose that < a < ran, q > 0, 1 < p±, ■ ■ ■ ,p m < oo, 

I/Pi H 1- 1/Pm = 1/9 + olIu and w = (w\, ■ ■ ■ ,w m ) G A3 . Then 

/ 1 m j_ (1 _£pA m 

wmm)\\l H u,) < c m>nAq hi n w. " n n/*iix-*(«r»)» 

V ' i=l / i=l 

where the exponents are sharp. 

2. Proofs of Theorem 11.11 and Theorem 11.21 
Recall that the standard dyadic grid in R n consists of the cubes 

[o,2- k ) n + 2- k j, fceZ,jGZ n . 

Denote the standard dyadic grid by V. 

By a general dyadic grid @ we mean a collection of cubes with the follow- 
ing properties: (i) for any Q 6 & its sidelength /q is of the form 2 , fc € Z; 
(ii) Q (1 R £ {Q, i?, 0} for any Q, R £ £$; (iii) the cubes of a fixed sidelength 
2 fc form a partition of M. n . 

For any < a < n, we define 

M| tt /(x) = sup * f \f\w. 

Q3x,Qe9w{Q) n Jq 

When a = 0, we denote M®. w simply by M® . We need the following result. 

Proposition 2.1 ([HI Theorem 2.3]). If < a < n, 1 < p < % and 

1/q = 1/p — a/n, then 

\\M®j\\ Lq{w) <(i+ p -) i -nf\\ LP{w) . 

We say that S := {Qj,k} is a sparse family of cubes if: 

(1) for each fixed k the cubes Qj >k are pairwise disjoint; 

(2) if T k = \J j Q j>k , then F k+1 C T k ; 
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(3) iTfc+i C\Qj,k\ < slQj.fcl' 
For any Qj^ £ <S, we define E(Qj t k) = Qj,k \ Pfc+T Then the sets E(Qj^) 
are pairwise disjoint and |^(<5j,fc)| > ||Qj,fe|- 
Define 

^ := {2" fc ([0, l) n + m + (~l) k t) : A; £ Z, m £ Z n }, t € {0, l/3} n . 

The importance of these grids is shown by the following proposition, which 
can be found in [9, proof of Theorem 1.10]. See also [15, Proposition 5.1]. 

Proposition 2.2. There are 2 n dyadic grids 3>t, t £ {0, l/3} n such that 
for any cube Q C M. n there exists a cube Qt £ @t satisfying Q C Qt and 
l(Qt)<6l(Q). 

Given a dyadic grid 3> and a sparse family S in Q) . Define the dyadic 
fractional integral operators by 

m „ 

and 

(Xf ig )(/)(x) = (53 MQ|^- m nj^/i(w)d yi J - X q(x) 

In |16j . Moen showed that for q > 1 

(X Q (/))(x) < C J]) ^ / h{ yi ) ■ ■ ■ f m (y m )dy XQ (x), 

and for q < 1, 

(X Q (/))(x) < C I E (j^ y m A(yi) • • • / m (y m )#J *,(*) 

By Proposition 12.21 and similar arguments as that in [2], we get 

(2.1) i*(f)(x)< 53 (z£)(/5(*), ?>1, 

te{o,i/3} n 

and 

(2.2) 2«(/)(x)< E (z&X/IC*), g<i- 

tG{0,l/3}" 

We have the following lemmas. 

Lemma 2.3. Suppose that w = (wi,--- ,w m ) £ Ap , < a < ran, 1 < 
q,pi, ■ ■ ■ ,p m < oo and 1/pi -\ \- l/p m = 1/q + a/n. Then 

w 1 := (wi,--- ,Wi-i,(H%L 1 Wi)~ 1 ,w i+1 ,~- ,w m ) £ A pi ,, 
where P l = (pi,--- ,pi^i,q',p i+ i,--- ,p m ) and [u?] A i = [w\ p ^ q . 
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Proof. By the definition we have 



""■w., = -•> I ii/ g ■"■""') fa/ "")"' 'Uiwii^"'"' 



j¥=i 



■ipVi 



l w U p ■ 



D 



Lemma 2.4. Suppose that < a < n, 1 < pi, ■ ■ ■ ,p m < oo, l/pi + ■ ■ ■ + 
1/Pm = 1/? + Oi/n, q(l — a/n) > max{p' j ] and that w = (wi, • • • ,w m ) G 



A s ■ Then 



IPfd/ll,--" ,\fm\)\\Li(u a ) < C m ,n,P, q ^Ap q n n\\fi\\L^(w P S)- 



Proof. It is equivalent to prove the following 

m 
r ->il— a/n TT n ^ n 



PfG/lkl."- .|/mkm)||L«(u«) ^ C 'm ) n,P,(/[ tiJ ]i/ a /n IIll^ll £Pi ( 

i=l 



Let 1/p = l/g + a/n. We have 

(2.3) ||T a (|/i|(Ti,--- , |/mkm)||L9( Ul3 ) 

= sup / Xf(|/i|cri,--- , |/ m |cr m )/in^ 

ii/iil , =iJk« 



""Kb) 



sup ^i^f™" 1 !!/ I-an^- / ^ 






llfelL„/, ,=1 



IQI J l\\ \Q\ 



Li 1 (11^) QeS K i=l K i=l 

xiqic-ot-s)'- 1 ) • 1 r hUiB .f[*r \ f „ 

P " q \\ h WLi\u^ =l QeS i=i 
By Holder's inequality, we have 

„ 1 m 1 

(2.4) \E(Q)\ = / uf^llo-t^dx 

je(q) rjT 



iWidyi 
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< u a (E{Q))^*»l[a i (E(Q))'<* : W. 

t=i 



Since \Q\ < 2\E(Q)\ and q(l — a/n) > max{p£}, we have 



in 



iQi^-^n^^) 1 ^ 



d'. v 1 y 



i=l i=l 



< «tu 



(E(Q))7]la t (E(Q)) 1/pi > 



i=i 



Hence 



Ewi°*- 9) *n«»«» 1 "* (1 " s, = ^ i =g S / »«- 

QgS i=l ««AWJ JQ 

m 1 „ 

x n^Q)/ c |/,MK 

m 

x[]^(fiW)) 1/ft 
1=1 



i=l \QeS 

m 

< IK u ^IIl,'(^)IIII m ^^II^^) 



1=1 
It follows from (12.31) that 



Pad/lkl)--- , \fm\o- m )\\L*(urt) < C m ,n,P,q^Ap " II ll/illiw^i)- 

i=l 



□ 
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Lemma 2.5. Let the hypotheses be as in Theorem \l.l{ Moreover, let S be 
a sparse family of cubes. Then we have 

Proof. Without loss of generality, assume that p\ = min{pi, • • • ,Pm}- As in 
Lemma 12.41 it is equivalent to prove the following 

m 
\\tS /ijM \e i mi ^ ri r ^i(l-a/")max{p</q} rr ,, , ., 



-P,9 

i=l 



We have 



««K<2) 



ll^d/ikij ••• ' I/'»I o "'»)IIl9(« iS ) 

QG5 V i=l ^ Q 

hoy m (l-a/n)«>i 

QeS ^ 1^1 ' i=i ^ 1^1 ' 

m ( i /■ v 

x| J E(Q)|^-t)(U-fK-i)^(Q)i-(i-/«WJ]a J (Q) <? "^ (1 ^ ) 

i=2 

xa 1 ( J E(Q)) 9((1 "" ) "^ ) nc7 i (£(Q)) 9/p % 

i=2 

where we use (|2.4p and the fact that p^il — a/n) > max^ijp^} in the last 
step. 

Let 1/qi = 1/pi — a/n. By Holder's inequality, we have 

ll^a.gd/lkl)"-- ) \fm\o-m)\\ 9 Lq ( u ^ 
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g(^/, i/, H"" (BW)) 

m 

< [77ll (1_a/n)p/l IIM^ fJI 9 TTll/lf^f-ll 9 

- l W Up g H VW a,<TiJllll,«i(<T)lllM VZ 'ri-'*llxPi(<T i ) 

j=2 



< Ht:: / " w nii/.iiiM.,). 



8=1 

where p'^l — ~) > 1 ensure that Pi < |j- D 

Proof of Theorem \1.1\ By Proposition 12.21 we have 

MMl,---,fm)(x)<C m ,n Yl M^(h,--- Jm)(x). 

te{o,i/3} n 

So it suffices to prove the desired conclusion for M.®- Let a = 2( m-a / n )( ra+1 ) 
and n k = {x g R" : X?(/i, • • • , / m )(a?) > a fc }. Suppose that O fe = (Jj Qj, 
where Q k - are pairwise disjoint maximal dyadic cubes in 0,^. Then S := {Q*j} 
is a sparse family. To see this, it suffices to prove that 



i^n^+ii^i^i 



In fact, by the definition of Q^, we have 



I f 

« fc < TT t-tt-, — 7— / l/il < 2 mn -<V 

11 Qfc l-a/mn _/ * '^' " 



~imn— a „k 

, • ; I / : i '■■-■.... 

1 \Q) 

It follows that 

-vfc + ll 



|gjn n *+il = E \Qi 

lib n 

< ]T a -(*+l)/(m-«/n) "Q ( / /s 



Qf +1 cQ) 

m 



l/(m— a/n) 



1/m 



' " 1/(1— a/nm) 






i=l \ nfe+Vnfc "^i 



>Qr cQj 



< a -(fc+l)/(m-a/«) "Q j f ; . 

j=l \ Vj 

< a~ 1/(m - a/n) 2 n |(3j| 



l/(rn—a/n) 
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= -\o k \ 

Hence <S := {QA is a sparse family. Therefore, 
(2.5) / M*(fi,--- ,f m ) q u^dx 

= ^2 M%(h,--- ,f m ) q u^dx 

k JQ k \Q k+ i 

* ^E (fi m L/mn L \fM\dyX **&($)) 

k,j \i=l '3 ' "j / 

JR n 

Now the desired conclusion follows from Lemma 12.51 □ 

Proof of Theorem \l./A There are two cases, 
(i). q > 1. By (|2.ip . it suffices to prove that 

5 -. 1 (l--)max i {l,^-}-^ r 

ll 2: a(/)IU«(« fl ,)<C r m ,„ I ^,,MA^ * UII/*llL«(«f')- 

i=l 

If g(l — a/rt) > max{p' i }, the desired conclusion follows from Lemma [2.4i If 
PjO- — f) > maxj^_j{pj, <?}, without loss of generality, assume that ^(1 — ^) > 
meiXi^i{p' i ,q}. By duality, we have 

IIt-Sii 

ll x a llLPi(^ 1 )x---xLP™(to^ m )-i.L'J( UtE ;) 

where we use Lemma 12.31 in the last step, 
(ii). q < 1. In this case, 

. r m axi^{£>-} . fmaxj^ . maxj^{^,g-}| a 

mm{ ^ j = mm < -, mm ^ > < 1 . 

i Pj [ Q 3 Pj J n 

By (12. 2|) . it suffices to prove that 

c - (l-2)maXi{l,Si} 



(ii 



By Lemma 12,51 we get 



4=1 



III 



i=l 
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, ,(l-2)maxi{l,^-}-^r„ „ 

fi T — *1 Tb * *- Q -" I I I I J? 1 1 

= C m,n,P,qi W \A Pq ' 1 1 ll/» lll«(wf« )• 

This completes the proof. □ 

3. Proof of Theorem 11.31 

First, we introduce the sharp reverse Holder's property of Aoo weights 
which was proved in [9] and |1Q|. Theorem 2.3]. Recall that 

M^cx, :=sup— — / M(wxq). 
Q w(Q) J Q 

Proposition 3.1 (0 Theorem 2.3]). Let w G A^. TTien 

where r(w) = 1 + ^ttA — and r n = 2 11+n . Notice that the conjugate r(w)' ~ 

We also need the following characterization of Ap weights. 

Proposition 3.2 ( \16\ Theorem 3.4]). Suppose that 1 < pi, • • ■ ,p m < 00, 

and w € A3 . Then 

u^jj c -/i772<7 ana o~i kz J\. m ~i . 

Proof of Theorem \1.3l Set «j = (p^)', where 7"j is the exponent in the sharp 
reverse Holder's inequality (|3.1j) for the weights cr, which are in ^4oo for i = 1, 
■ ■ ■ , m. By ()2.5p . we have 



MaUl,'" Jm) q U^dx 

(rn \ 1 



- 1? iQJi^ ii Wi At' 1 V wi4 V 

(by Proposition I3.ip 



q 



m I \r\k\ 

OCi„..OU 



\Qv '"'■■ 



s *4 |E(fl;)l S ^r)/' 1 """ 
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~ m 

< c[w] A / HMg^d/rwrr^dx 



q ~=i \JR n Pi J 



\nllt 



where 



1 1 otp 

— = , i = l, ■■■,m. 

Qi Pi npi 



Substituting apai/pi for a and letting w = 1 in Proposition 12. 1\ we get 
M®(fi,--- ,f m ) q Utfdx 

{Pi/ai)' 



< C[w] A?q 



i=l 

in 



n i+ 



> \ ^ nvi ' at 



c ^w q n i + 



«=i 



(%/aj 



(Pi/a-iY \ np 
(Qi/ai 



\fi\ ai w. 



L a i (M") 



L ) — 



llf-ll 9 



It is easy to check that ^- — 1 ~ [uj]^ . Therefore 

, , (Pi/a)' <U R,, < r i 



and 



(1 



npj aj 



QW + -L(E± - i) 



J); \ n ) Pi A °° 



Consequently, 



Now we get 



(Pi/aiY 
(Qi/ai) 



m a P a i \ q 

V n.n- ' n/j 



3-fl-BZ) 



||Ma(/1l| W (^)<C, 



m,n,P,q 



\W 



A a 



P.q 



n 

«=i 



J_n_££ 



(1-^) 



(7 



*JA 



mi/' 



*llLPi(«,p )• 



i=l 



□ 



4. Examples 

Finally, we end with some examples to show that our bounds are sharp. 
First we show that Theorem II .11 is sharp. Consider the case m = 2 (we leave 
it to the reader to modify the example for m > 2) and suppose that 



(4.1) 



\-^a\\ LPl ( w Pi- )xL P2( w P2- ) ^ L ^ w q w q- ) < 



r (l_«) max (^i £l) 

— *1 V n ' - a 7 a ' 



f,9 
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for some r < 1. Further suppose that p[ > p' 2 . For < £ < 1, let fi(x) = 

\ x \X B (Q,i)\ x )> h\ x ) = M P2 Xb(o,i)(x), wi{x) = |x| ln ~ £ J /p i and w 2 (x) = 
1. Calculations show that ||/i||/,Pi(yi) — e -1 ^ 1 , Hi^H^o^) ^ e _1 / p2 , and 
[w]a~ — £~ q ^ p ' x - For x G 5(0, 1) we have 

1 f _ If e ~ n 

M a (f 1 ,f 2 )(x) > „ / |?/i| e n dyi- „ / |y 2 | P2 dy 2 

|x|" 2 JB(0,|x|) FT 2 ^-B(0,|a;|) 

> -\X\ p 2 

Hence, 

(4.2) |jw.(A,A)IIl.(. m , > i(/ | I |"-" ,, " + --* ,+ "»^) 1/ ' 

12 e y JB(o,i) ' 

111 

Combining this with inequality (|4.ip we see for some r < 1, I - J < 

\r(l-2)+I 

- I P , which is impossible as e — > 0. 

Next we show that Theorem 11.21 is sharp. It is easy to notice that A4 a < 
Cm,n,a^a- If maxj p[ > q, then using the same /j and Wj as above we get 
(|4.2p with 7W Q replaced by I a , showing the sharpness. On the other hand, 
if maxj£^ < q, the sharpness follows from the standard duality argument 
used in the proof of Theorem 11.21 

Finally we show that Theorem 11.31 is sharp. For < e < 1, let 

Wi(x) = |x| (n_e)/p « and fi(x) = \x\ £ ~ n x B{0A) (x), i = l,---,m. 
Then u$ = \x\ p and it is easy to check that 

/-|\?(m-i) -y m [l\ l l p 

W*9,< -[-) ' N^~- and TiWfihn(w?)-[-) ■ 

For x £ B(0, 1), we have 

M a (f)(x) > f[—L^[ \ yi r n d yi 

f = l \x\ n m JB(0,\x\) 
/-t\m 
> t\ \ T \m(£-n)+a 



T, 

e 



Therefore, 



\\mm~)\\l« m > {-T\l \ x r {£ - n)+aq+{n - £){m ->dx 

V e / \JB(0,1) 
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> 




LPi{ w p i i y 
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